We use the K-theory of C * -algebras in the context of modular curves and holomorphic differential 1-forms. A foliation Re ω N = 0 of the Weil 1-form ω N on a modular curve X 0 (N ) is studied. We focus on the leaf space X and a canonical C * -algebra C * (X) connected to the foliation. It is proved that the K 0 -group of C * (X) is isomorphic to a stationary dimension group of rank 2g + ν − 1, where g is the genus and ν the number of cusps of X 0 (N ). Such a dimension group is an interesting arithmetic invariant of ω N . In particular, when N is a prime, the endomorphism ring of K 0 (C * (X)) is isomorphic to a ring of the Hecke operators of level N . A connection of this result to Hilbert's 12th problem is discussed.
Introduction
Let Q be the field of rational numbers and E(Q) an elliptic curve
with a, b ∈ Q. We identify E(Q)'s and the lattices Λ = ω 1 Z + ω 2 Z in the complex plane C via an isomorphism E(Q) ∼ = C/Λ. The holomorphic 1-form
is invariant under the translations in C, and we call it a Néron 1-form. . It is well known that X 0 (N) is isomorphic to an algebraic curve over Q (Knapp [10] ). The Eichler-Shimura-Weil theory deals with an important parametrization of the elliptic curves E(Q)'s by the modular curves X 0 (N)'s:
where morphism ψ respects the rational points of both curves. (The existence of ψ we take for granted; for a dramatic history of this result we refer the reader to books on the Fermat Last Theorem.) Let us denote by ω N = ψ −1 (ω) a preimage of the Néron 1-form ω. The Eichler-Shimura-Weil theory tells us that the Fourier coefficients of ω N being lifted to H, coincide with such for the L-series of E(Q). Apart from this fundamental analytic fact, the 1-form ω N has an exciting "geometry". Exactly this geometry (and related C * -algebras) will be a topic of the present note. Namely, we study a pair of the orthogonal foliations F 1 and F 2 on X 0 (N) whose leaves are Re ω N = 0 and Im ω N = 0, respectively. For brevity, we fix F = F 1 and consider a leaf space X = X 0 (N)/F of the foliation F . Such spaces are fundamental in the C * -algebra theory. Let C * (X) be a canonical C * -algebra attached to the non-Hausdorff space X (Connes [4] ). It is natural to expect that the K-groups of C * (X) capture the arithmetic of the modular curve X 0 (N). The main result of the paper describes the K-theory 1 of the C * -algebra C * (X). 
) is a stationary dimension group (see Section 1) of rank 2g + ν − 1, where g = g(N) is the genus and ν = ν(N) the number of cusps of X 0 (N);
(
End is a ring of the endomorphisms of the dimension group K 0 (C * (X)).
Theorem 1 is related to a problem of the explicit generators of the maximal abelian extension of the real quadratic fields. We refer to it as a real multiplication (RM) problem. Note that the RM problem was recently explored in the framework of the C * -algebra theory by Manin ([12] ) and Taylor ([17] ). We suggest a RM conjecture at the end of the note.
The paper is organized as follows. We introduce notation in Section 1. The main theorem is proved in Section 2. In Section 3 we discuss an application of the main result to the RM problem.
Preliminaries
This section is a brief account of a vast area known as the algebraic Ktheory. We accent on the K-theory of operator algebras (C * -algebras) which are fundamental in any setting of the noncommutative geometry. We beg a pardon to the readers with a strength in number theory, since our exposition of operator algebras is far sketchy for the first reading. We hope that the bibliography ( [1] , [5] ) and more special ( [2] , [6] , [8] , [9] , [11] ) might of fill the gap.
K-theory of C*-algebras
By the C * -algebra one understands a noncommutative Banach algebra with an involution. Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X.
Given a C * -algebra, A, consider a new C * -algebra M n (A), i.e. the matrix algebra over A. There exists a remarkable semi-group, A + , connected to the set of projections in algebra M ∞ = ∪ 
Dimension groups and their affine representations
We use the notation Z, Z + , Q and R for integers, positive integers, rationals and reals, respectively and GL(n, Z) for the group of n × n matrices with entries in Z and determinant ±1.
By an ordered group we shall mean an abelian group G together with a subset P = G + such that P + P ⊆ P, P ∩ (−P ) = {0}, and P − P = G. We call P the positive cone on G. We write
G is said to be a Riesz group if:
An ideal J in a Riesz group G is a subgroup such that
We say that G is simple if the only ideals are G and {0}.
Given ordered groups G and H, we say that a homomorphism
+ is an order unit of G. We let S(G) be the state space of G, i.e. the set of states on G endowed with natural topology (Effros [5] ).
S(G) is a compact convex subset of the vector space Hom (G, R). By the Krein-Milman theorem, S(G) is the closed convex hull of its extreme points, which are called pure states.
An ordered abelian group is a dimension group if it is order isomorphic to lim m.n→∞ (Z r(m) , ϕ mn ), where the Z r(m) are simplicially ordered groups (i.e.
, and the ϕ mn are positive homomorphisms. The dimension group G is said to satisfy the Unimodular Conjecture if r(m) = Const = r and ϕ mn are positive isomorphisms of Z r . In other words, G is the limit
of matrices ϕ k ∈ GL(r, Z + ). The Riesz groups are dimension groups and vice versa (Effros, Handelman & Shen [6] ). The Riesz groups can be viewed as "abstract" dimension groups, while the dimension groups as "quantum representations" of the Riesz groups by the infinite sequences of positive homomorphisms.
Stationary dimension groups and their endomorphisms
In case ϕ i = ϕ = Const in (4), the dimension group is called stationary. The stationary dimension groups are of a particular interest: they are both simple and non-trivial. Such groups demonstrate a strong connection to number theory: all of them can be manufactured from the orders in a ring of integers of certain real algebraic number fields (Effros [5] ). As opposed to the general dimension groups, the endomorphism ring End G of a stationary dimension group G is always non-trivial and defines the group G itself (Handelman ([9] ). Let λ ϕ be the Perron-Frobenius root of the characteristic polynomial
of the positive integral matrix ϕ. By the Perron-Frobenius theory, λ ϕ is real and λ ϕ > 1. Since det ϕ = ±1, λ ϕ is a unit of the ring O K , where
is the order n field extension of the rational numbers. Recall that a ring Λ ⊂ K is called an order if it satisfies the following properties:
• K is the quotient field of Λ;
• the additive group of Λ is finitely generated.
An immediate example of the order is the ring
The maximal integral order coincides with O K . Note that the additive structure of Λ turns it to a lattice of the rank r. In what follows we consider the orders Λ such that r = n, where n is the degree of the field K. It turns out that the stationary dimension groups are classifiable in terms of the integral orders of the field K. 
Proof. See Handelman ([8]) .
Recall that given ordered groups G and H, a homomorphism ϕ :
The set of endomorphisms of G is a ring End G under a natural sum and composition of the endomorphisms. Such a ring is always commutative (Handelman [9] ). Proof. Follows from Proposition 4.4. of ( [6] ) and Theorem IV 6 of ( [9] ).
Proof of Theorem 1
Recall that a modular symbol is an ordered pair {α, β} = {α, β} Γ 0 (N ) of the points α, β ∈ H such that β = g(α) for a g ∈ Γ 0 (N). It is common to identify the modular symbol {α, β} with a geodesic arc γ through the points α, β.
An extended hyperbolic plane H = H∪Q allows α, β to lie at the boundary Q which we always assume to be the case. Note that Q splits into ν < ∞ equivalence classes under the action of Γ 0 (N), where ν is the index of Γ 0 (N). Clearly,
where Cusp X 0 (N) is the set of cusps of X 0 (N) whose total number equals ν. Let γ * = p(γ) be a closed geodesic on X 0 (N) covered by the geodesic arc γ. The integration ω → γ * ω, ω ∈ Ω hol (X 0 (N)) turns {α, β} into a linear functional on Ω hol (X 0 (N)). The modular symbols satisfy the additivity and invariance formulas:
The duality principle allows a formal extension of the notion of modular symbol to the case β = g(α). Namely, one identifies {α, β}'s with a real homology H 1 (X 0 (N), Cusp X 0 (N); R) so that it coincides with the usual definition of the modular symbols on the integral homology classes and is a linear extension everywhere else. The geometric interpretation of the "real" modular symbols is a separate problem. In particular, the Manin-Drinfeld theorem says that the rational homology classes represent the symbols {α, β}, where α, β are the cusps of X 0 (N). A theory of the "limiting" modular symbols was recently taken up in ( [13] ).
The idea of the proof of Theorem 1 is as follows. Let T N be the ring of Hecke operators of level N. Since N is prime, T N ∼ = End (Jac (X 0 (N))) (Mazur [14] ). The same is true for the the ring of endomorphisms of H 1 (X 0 (N), Cusp X 0 (N); Z). Let T ∈ End(H 1 (X 0 (N), Cusp X 0 (N); R)) be a nontrivial automorphism. Then T acts on the modular symbols by a hyperbolic transformation g T ∈ Γ 0 (N). Fix an arbitrary modular symbol {α, β} and consider a sequence of the modular symbols:
As explained above, each modular symbol is a periodic geodesic. The Chaubaty topology ( [3] ) on the set of geodesics turns the sequence into a Cauchy sequence which converges to a simple non-periodic geodesic γ. It is easy to see, the γ represents a modular symbol which belongs to a "real" homology class of X 0 (N). Moreover, if γ i is the approximating sequence of periodic geodesics then lim n→∞ γn
Re ω N = 0.
On the other hand, the Nielsen-Thurston theory ( [3] ) tells us that the closure of γ is a geodesic lamination whose leaf space is canonically isomorphic to such of the foliation Re ω N = 0. Immediately, one gets the conclusion of Theorem 1. We shall split the proof in the series of elementary lemmas. (ii) T descends to a hyperbolic transformation g T ∈ Γ 0 (N) of H.
Proof. (i)
The n-th Hecke operator T (n) is a linear operator on the homology H 1 (X 0 (N); Z), see Proposition 11.23 of ( [10] ). One can replace the compact surface X 0 (N) by a surface with the boundary X 0 (N) − Cusps, and repeat the argument. Then the action of T (n) extends to the relative homology H 1 (X 0 (N), Cusp X 0 (N); Z) which coincides with the space of modular symbols. The Hecke ring T N is generated by T (n)'s and for N prime coincides with the endomorphism ring of H 1 (X 0 (N), Cusp X 0 (N); Z). Since all of elements of T N have a common invariant 1-dimensional linear subspace spanned by the dual to the Weil 1-form ω N , we can pick an invertible linear operator T ∈ T N which acts non-trivially on the subspace.
(ii) Let {0, α} be a modular symbol with α ∈ Q. The linear operator T acts on H 1 (X 0 (N), Cusp X 0 (N); Z) and let {0, α ′ }, α ′ ∈ Q be a modular symbol equivalent to the image of {0, α} under the transformation T . Denote
(a, b, c, d ∈ Z can be determined via a continued fraction algorithm.) Since T is of an infinite order, g T is a hyperbolic transformation of H. Lemma follows.
Lemma 4 Let {α, β} be a modular symbol fixed by the transformation g T , i.e. g T (α) = α, g T (β) = β. Then:
, where α and β are quadratic irrational numbers;
(ii) every modular symbol in the integral homology {α, β} ∈ H 1 (X 0 (N), Cusp X 0 (N); Z) converges to {α, β} under the iterations of g T as n → ±∞.
Proof. (i) every hyperbolic transformation fixes a pair of points α, β ∈ ∂H, where ∂H is the boundary y = 0 of the hyperbolic plane. Since g T is hyperbolic (i.e. |tr g T | > 2), we can determine α and β from the equation g T (x) = ax+b cx+d = x, which is a quadratic equation with the integer coefficients. Item (i) follows.
(ii) Note that a discrete dynamical system generated by the iterations g T on ∂H has two fixed points α and β. All other points of ∂H have the limit sets α (a sink) and β (a source) as n → ∞. Note also that the set Q is preserved under the iterations. Item (ii) follows. 
where ω N is the Weil 1-form on the surface X 0 (N).
Proof. The formula is an implication of the pairing principle (Knapp [10] Proposition 11.23)
when T (n) = T and ω = ω N . Indeed,
since the dilatation µ > 1.
Consider the space Λ = Λ(X 0 (N)) of the geodesics laminations on X 0 (N) endowed with the Chaubaty topology (Casson & Bleiler [3] ). The infinite sequence γ n of the periodic geodesics converges to a non-periodic simple geodesic γ. The closure of γ is a geodesic lamination λ ∈ Λ. Denote by F λ a foliation on X 0 (N) obtained from λ by Thurston's blow-down 2 surgery. It follows from Lemmas 4, 5 that F λ is a foliation invariant under a pseudoAnosov diffeomorphism ϕ ( [7] ).
Lemma 6 F λ = F , where F is a foliation given by the lines Re ω N = 0.
Proof. Follows from the construction.
(i) Recall that Markov's partition of the pseudo-Anosov diffeomorphism ϕ consists in decomposition of the surface X = X 0 (N) into rectangles R 1 , . . . , R n such that ∪ n i=1 R i = X, Int R i ∩ Int R j = ∅ when i = j and ϕ(R i ) crosses R j just one time. The Markov partition exists for any pseudo-Anosov diffeomorphism (Fathi & Shub [7] , Exposé 10).
Consider the 0 − 1 matrix A with the entries
Since ϕ is invertible, matrix A has determinant ±1. Moreover, if certain power of A is a strictly positive integer matrix, one calls A an irreducible matrix. Each pseudo-Anosov ϕ admits Markov's partition with irreducible matrix A ( [7] ). The Perron-Frobenius eigenvalue λ A > 1 of the irreducible A equals the dilatation of ϕ. Let X be the leaf space of foliation F . X is a second countable zerodimensional σ-compact space in the sense of Krieger ([11] , p.239). Following notation of Krieger, denote by G a countable locally finite infinite cyclic group of homeomorphisms of X generated by ϕ. Since ϕ(F ) =
Let B X be the Boolean ring of compact open subsets of X. The orbit space B X /G has finite dimension n, where n will be determined in item (ii). It follows from Proposition 3.1 of ( [11] ) that dimension group of G equals the inductive limit of simplicial groups
where A is the matrix of Markov's partition of ϕ. Therefore, the dimension group of C * (X) is stationary. The first part of Theorem 1 follows.
(ii) To prove the second claim of the theorem, notice that every n-th order Hecke operator T ∈ T N defines an n-fold cover X 0 (N) of the surface X 0 (N). The covering map
preserves the foliation Re ω N = 0 since ω N is an eigenvector of T . Denote the induced foliation on X 0 (N) by F, and consider the leaf spaces X = X 0 (N)/ F and X = X 0 (N)/F . At the level of the K 0 -groups of the C * -algebras C * ( X) and C * (X) there will appear an order-endomorphism of the dimension group K 0 (C * (X)). Moreover, every endomorphism of K 0 (C * (X)) can be obtained in this way, provided N is prime (Mazur [14] ).
Relation to Hilbert's 12th problem
Let k be a number field. The maximal abelian (unramified) extension of k is called a Hilbert class field of k. When k = Q or k is an imaginary quadratic field, the Hilbert class field K is generated by the roots of unity (Kronecker-Weber theorem) or j-invariant of an elliptic curve with complex multiplication, respectively. The question is open when k a real quadratic field, and Manin suggested to use the "noncommutative tori" as a substitute for the elliptic curves ( [12] ). Below we explain how Theorem 1 relates to the "real multiplication" (RM) problem.
In ( [16] ) Shimura observed that the RM problem is deeply intertwined with the analysis of the form ω N . On the other hand, the K-theory of ω N is a natural "linear part" of ω N . Recall that the isomorphism classes of the stationary dimension groups are characterized by the triples (Λ, [I], i), where Λ is an integral order in a real number field K, [I] an equivalence class of ideals in the ring O K and i an embedding of K into R (Bratteli, Jørgensen, Kim & Roush [2] , Effros [5] and Handelman [8] ). Moreover, the ring O K is isomorphic to the Hecke ring T N provided the stationary dimension group is associated to the foliation Re ω N = 0.
On the other hand, there exists a real irrational number, θ, attached to every simple dimension group. The number θ equals the slope of a canonical projection of the foliation F on the two-torus T 2 . (Think of the Weil morphism X 0 (N) → E(Q) as an example of such a projection.) On the stationary dimension groups, θ becomes a quadratic irrationality. Let k be a real quadratic field over Q generated by θ. The fields k and K are related by the following conjecture.
Conjecture 1 The number field K is the Hilbert class field of k, and every Hilbert class field of the real quadratic fields arises in this way.
Let us describe the action of the Galois group Gal (K/k) on the generators of the field K. Suppose that h = h k ≥ 1 is the class number of the field k. It is known that there exists h conjugacy classes of the matrices ϕ 1 , . . . , ϕ h ∈ SL(2, Z) with the same eigenvalues λ 1 , λ 2 ∈ k. In other words, the ϕ i are non-conjugate hyperbolic automorphisms of T 2 . Denote by ϕ 1 , . . . , ϕ h the induced automorphisms on the covering surface X 0 (N). Since O K ∼ = End H 1 (X 0 (N), Cusp; Z), one can pick the generators a ϕ 1 , . . . , a ϕ h ∈ O K of the number field K. We have a Frobenius action on the ideal class group Cl k ∼ = Gal (K/k), which extends via the above generators to the entire K.
Let us finish with an example supporting our conjecture. 
The number field k = Q(θ) ∼ = Q( √ 5) has the class number h k = 1. Therefore, the Hilbert class field K = k, what is coherent with the calculation of the Hecke ring T 11 .
